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Abstract

®

CrossMark

Periodic asymmetric lattices, viewed from one side to the other, have different spatial potential
energies. This difference affects the electronic structure of valence electrons. Our work shows
that pronounced even harmonic signals are observed from periodic asymmetric lattices driven
by a multi-cycle pulse field. The phases of the odd and even harmonics driven by parallel and
anti-parallel laser polarization directions are compared and show different dependences on laser
polarization direction. Moreover, it is found that each burst in the synthesized attosecond pulse
trains in a periodic asymmetric lattice shows the same carrier-envelope phase. We also show that
the even-order harmonic efficiency in periodic asymmetric lattices can be enhanced (reduced)
by using a multi-cycle driving laser in the presence of a weak terahertz pulse field.

Keywords: solid high-harmonic generation, periodic asymmetric lattice,

permanent dipole moment, terahertz field

(Some figures may appear in colour only in the online journal)

1. Introduction

With the progress in the intense mid-infrared laser technology
[1, 2], high-order harmonic generation (HHG) [3-14] from
solids becomes an active topic for promising to synthesize
extreme ultraviolet ultrashort laser sources with high bright-
ness. Besides this, HHG from solids can be used to char-
acterize the atomic or crystal structure [9, 12] with a sub-
nanometer spatial scale, retrieve the electronic band structure
[3], reconstruct the transition dipole moments of solids [15—
17], probe the electron dynamics on the attosecond timescale,
and so forth. High-harmonic generation from solids is gener-
ally understood by a three-step model [18-21]: the first step

* Authors to whom any correspondence should be addressed.
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is the excitation of the valence band electrons through tunnel-
ing through the barrier formed by the periodic lattice potential
and the strong laser field. In the second step, the excited elec-
trons and holes are accelerated along the bands by the laser
field. In the third step, since the laser field changes direction
in each half cycle, the electrons will be driven back to recom-
bine with the holes in the valence band, and harmonic photons
are emitted. Besides the interband transition, the intraband cur-
rent caused by the Bloch oscillations of the carrier along the
band driven by the laser field also contributes to the total HHG
emission. The excited electrons and the phase of the emitted
harmonic photons record information on excitation, accelera-
tion, and electron-hole recombination during the half-optical
cycle HHG process.

The symmetry is important, which is the origin of the selec-
tion rule in the HHG of either gas [22] or solid [23-26]. In the
gas phase, HHG with only odd harmonics will appear if the

© 2023 IOP Publishing Ltd
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system possesses inversion symmetry. Both even and odd har-
monics are generated if the medium does not have inversion
symmetry [27-31].

The reason is that, for an asymmetric target like asymmet-
ric diatomic molecules, the electrons are preferentially located
in a deeper potential well in the driving field dressed Coulomb
potential [27]. The laser field changes sign in the consecut-
ive half-optical cycle, which causes differences in the laser-
dressed barrier and leads to differences between the excitation
rates in the consecutive half-optical cycles. This leads to the
temporal HHG profile changing its minimum period from half
optical cycle to one optical cycle, which results in the emer-
gence of even harmonics in the frequency-domain spectra.

In this work, we investigate the control of HHG of
periodic asymmetric potential by using the time-dependent
Schrodinger equation (TDSE) [32-37] and semi-conductor
Bloch equation (SBE) [18, 19, 38, 39]. We find that even har-
monics appear in both the first and second plateaus of the HHG
spectrum driven by a multi-cycle laser. For periodic asymmet-
ric lattices, the phase of odd harmonics shifts 7 rad when the
laser field is reversed; however, the phases of the even harmon-
ics are independent of the reverse of the laser polarization.

Moreover, the synthesis of the attosecond pulse train on
the basis of HHG in periodic asymmetric lattices is invest-
igated. In each optical cycle of the driving field, one strong
harmonic burst is generated in an earlier optical cycle, and a
weak harmonic burst is generated in the following half-optical
cycle driven by a multi-cycle field. The weak harmonic burst
is ignored due to its low yield. Then, the two adjacent strong
harmonic bursts have a time interval of one optical cycle of the
driving field. This causes the two adjacent attosecond bursts
to have the same carrier-envelope phase (CEP) and temporal
profile. We also investigate the HHG from solids in the peri-
odic asymmetric potential driven by a multi-cycle laser in the
presence of a terahertz (THz) field, and the yield of even har-
monics and phases of harmonics is found to be modulated by
the relative strength ratio kty, of the THz field.

2. Theoretical details

2.1. Groundstate

In the field-free case, the Schrodinger equations are given by
(361,

2
i) = [”v2+v< )

5 P (x). (1)

where e and my are the charges and the mass of the electron,
respectively. (b’f\ (x) is the field-free electron state initially loc-
ated in Ath band with initial crystal momentum k. V(x) is the
periodic Mathieu-type potential used in this work. By solv-
ing the above single-electron Schrodinger equation, the eigen-
state and eigenvalue can be obtained. The periodic symmetric
potential can be expressed as follows [37],

Vs(x) = =V [1 4 cos (2mx/ay)] . )

where Vy = 0.5603 a.u., and ay = 8 a.u. is the lattice constant.
The periodic asymmetric potential V,(x) can be expressed as
follows [37],
Va(x) = =V [2.5 — accos (4mx/ag) — fecos 2mx/ag — ¢r)] -
3)

where o = 1.5 and 8 = 1.0 are the unitless ratios describ-
ing the depth of the two wells inside the lattice. ¢, = 7/2 is
the spatial phase term between the two frequency components.
The parameters of the periodic potential are chosen in order to
ensure the periodic symmetric potential Vi(x) and asymmet-
ric potential V,(x) have the same minimum energy band gap
of 7.56 eV between the valence band maximum and conduc-
tion band minimum. The above type of asymmetric potential
used in our work was first applied to investigate the interfer-
ence induced by the recollision between the excited electrons
with different nuclei sites in periodic solids in real-space [37].

According to Bloch’s theorem, the Bloch function ¢ (x) is
expressed by a Bloch state,

A (x) = i (v). @)
The Bloch state u4 (x) is a periodic function,
k _ ok
uy (x4 ap) = uy (x). Q)

The Bloch state can be expanded by a group of Ny« plane
wave basis,

Ninax

)=

where K; is the reciprocal lattice vector, and the periodical
potential V(x) can be expanded by Fourier series as follows,

exp [iK;-x], ©6)

Nmax

=) Viexp[iK;-a], @)

where V; is,

1 .
Vi=— [ e MV(x)dx, (8)
Vo

where Vj is the volume of the lattice. Then u5 (x) is inserted
into field-free Schrodinger equations,

N"lﬂx h2 .
Z(z (k+k;) 5ij+Vk,»kj> =& 9

j=1

By solving the above equation, the eigenvalue €5 and
the expansion coefficient Cf»‘ j can be obtained. Then, the
Bloch state uX (x) and groundstate wavefunction ¢ (x) can be
obtained.
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2.2. Time-dependent Schrédinger equations

In this work, the laser—crystal interaction is described
by numerically solving the TDSE under the velocity
gauge [33-37]. ¥4 (x,7) is the electron state initially located in
Ath band with initial crystal momentum k. The TDSE under
the velocity gauge can be expressed as follows,

P 2
it = {2 v busn. a0
t 2

where A(x, 1) is the vector potential of the laser field.

In this work, since the wavelength of the driving laser is
much larger than the lattice constant, the dependence of the
driving field on spatial coordinates can be ignored. Thus, the
dipole approximation is used, and the term of electron—light
interaction p-A(x,7) is written as p-A(¢). In addition, the
higher-order term A? is much smaller than the other term in
the above equation and is neglected. Then, equation (10) can
be expressed as follows,

2

I
—z—movz +p-A() + V(x) [ YA (x,0). (11)

.0

1 &¢I§\ ()C )t ) =

The time-dependent wavefunction X (¢) can be expanded
by the field-free eigenstate ¢ (x),

PR =Yk (0ek (), (12)
A

where of (7) is the expansion coefficient. Then the time-

dependent Schrodinger equations in equation (11) can be
expressed by,

2000 i iA(t)%xpk,af(I). (13)
ot q-p o — q
where p’;l is transition dipole moment,
Nmax )
Py =(dilplef) =n ) (k+ k) () ¢ (14

Jj=1

Equation (13) can be solved by the Crank—Nicolson
method,

1-iH(+5) 5"
EEEIER

ok (t+Ar) = (15)

In the beginning, all of the electrons are located at the top
valence band and all conduction bands are empty, then,

oy (finitiar) = Ogn- (16)

After the expansion coefficient a’; is obtained, the time-
dependent wavefunction ¢/*(¢) is obtained. The current at crys-
tal momentum £k is given by,

A = mio (K OIplh (1) —eA@). (D)

The total laser-induced current j(¢) is given by,
i =3 [ Aok
A

By performing the Fourier transform of the laser-induced
current j(t), the HHG spectra are obtained.

(18)

2.3. Quasi-classical model

The driving field E(¢) used in our work is given by E(f) =
Eof(t) cos(wot), where Ej is the amplitude of the driving field,
f(¢) is the function of the envelope, wy is the center frequency
of the laser field, and the optical period Ty = 27 /wy. The
vector potential A(¢) of the driving field is given by, A(f) =
— L _E(t")dr.

Since the laser-induced tunneling excitation rate has an
exponential dependence on the bandgap, the electrons are sup-
posed to be initially located at the I point in k space, which is
the eigenstate on the top of the valence band. The motion of
electrons in the k space can be expressed by [20],

k(t) =ko+ EA(I)7

7 19)

where k is the initial wavevector at I' point and A(?) is the
vector potential of the driving laser field. After excitation
through tunneling, the electrons/holes perform Bloch oscilla-
tions driven by the laser field. When the electrons and holes
recombine, a harmonic photon with energy equal to the differ-
ence of band energy at crystal momentum k is emitted,

_ celk() ~ e (K1)

th

n(?)

) (20)

where e.(k(r)) is the energy of electrons in the conduction
band and e, (k(7)) is the energy of holes in the valence band.

3. Results and discussion

3.1. Phases of the odd and even harmonics in periodic
asymmetric potentials

Knowledge of the HHG phase allows for the evaluation of the
highest occupied molecular orbital (HOMO) [40] and tomo-
graphy of valence electrons of crystal [12]. In our work, we
investigate the phases of the odd and even harmonics in a peri-
odic asymmetric potential driven by a multi-cycle pulse.

In figure 1, the HHG spectra from both periodic symmet-
ric potential and periodic asymmetric potential are driven by
a 24-cycle trapezoidal laser pulse. The driving field has a total
duration of 24 optical cycles (o.c.) and 2 o.c. ramp-up in our
work. Therefore, except for the leading and tailing edge, from
T = —10Ty to +10T, the amplitudes of each cycle are the
same. The amplitude of the multi-cycle driving pulse Ey =
0.011 a.u. and wavelength A = 1600 nm. In this work, the amp-
litude of Ey = 0.011 a.u. corresponds to 98% of the boundary
of the Brillouin zone (k. = 7/ap = 0.3927 a.u.).
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Figure 1. Polarization of driving laser field effects on the phase of the HHG spectra from a periodic asymmetric potential. (a) The band
structure of the periodic asymmetric lattice calculated by using the Bloch states expansion method. (b) HHG spectra are driven by a
multi-cycle laser field from the periodic symmetric potentials (black solid line), and the spectra are driven by the same multi-cycle field
from asymmetric potentials with parallel (red solid line) and anti-parallel (green solid line) laser polarization directions. The gray dashed
lines in figure 1(b) denote the minimum bandgap between CB1 and VB, and the bandgap energy between CB1 and VB at the boundary of
BZ, which lead to the cutoff energy of the first plateau. (c) The phase of HHG spectra from periodic asymmetric potentials driven by parallel
(red solid line) and anti-parallel (green solid line) laser polarization directions. (d) The phase of HHG spectra from periodic symmetric
potentials driven by parallel (red solid line) and anti-parallel (green solid line) laser polarization directions. Simulated laser parameters: a
field strength Ep = 0.011 a.u., 24-cycle trapezoidal, 1600 nm laser field with 2 o.c. ramp-up.

Firstly, the relative direction of the peak of the multi-cycle
laser relative to the permanent dipole is investigated. Figure 2
shows the field-free potential of the lattice (black solid line)
and the direction of the permanent dipole, which is marked by
the black arrows. The condition of parallel or (anti-)parallel is
defined by the direction of the peak of the laser with respect
to the permanent dipole. The red dashed line plots the field-
dressed spatial potential of V(x) + Egx.

Figure 1(b) shows the calculated HHG spectra from a peri-
odic asymmetric potential driven by 24 o.c. trapezoidal laser
pulse with the parallel and anti-parallel laser polarization dir-
ections. The HHG spectra for a periodic symmetric potential
driven by the same laser field are plotted using a black solid
curve for comparison. In figure 1(b), for a periodic asymmetric
potential, in addition to the sharp odd harmonics, pronounced
even harmonics are observed both for the region of the first
plateau and second plateau.

Besides the odd and even harmonic signals, some small
peaks can be found in the HHG spectra in figure 1(b).

This is because the system solved in TDSE is not a
pure two-band system. In addition to the valence band, ten
conduction bands are included in both the symmetric and
asymmetric systems. The interband transitions between the
different couples of energy bands interfere with each other,
giving rise to the noise observed in HHG spectra. In the
second, the dephasing effect is not considered in TDSE, and
the dephasing time T, is considered to be infinitely large in
TDSE simulations. Therefore, in addition to the long and short
trajectories, multiple returns with excursion times larger than
the long trajectories exist and interfere with each other, which
cause the spectra to lose the clear frequency-comb structure.
The results shown in figures 1(a) and (b) can be explained
by the laser-dressed spatial potential in figures 2(a) and (c).
Because of the double-well structure of each lattice, the laser
field dressed barrier is not inversely symmetric for the con-
secutive half cycle of the driving field. The electrons tend to
locate in the deeper well. As shown in figure 2(d), when the
laser field is parallel with the permanent dipole, the electron
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energy is reduced due to the downshifting action of the laser
field. This leads to a decrease in the tunneling excitation rate.
In contrast, for the adjacent half cycle, the laser field is anti-
parallel, and the electron energy is enhanced due to the upshift-
ing action of the laser field, leading to an increase in the
tunneling excitation rate. The differences between the tunnel-
ing excitation cause different harmonic photon yields of two
consecutive half cycles. As shown in figures 2(b) and (d), in
both the frequency range of the first plateau and second plat-
eau, the temporal profile of HHG shows a minimum period
in one optical cycle, which results in the emergence of even
harmonics.

Figure 1(c) shows the phase of harmonic photons from a
periodic asymmetric potential driven by a 24-cycle trapezoidal
laser pulse with parallel (red solid line) and anti-parallel ori-
entation (green solid line). For even harmonics, when the laser
polarization becomes opposite, the phase of harmonics has
nearly zero shift. The phases of the odd harmonics change
by 7 rad. For comparison, for a periodic symmetric potential,
when the 24-cycle trapezoidal laser pulse changes direction,
the phase of the odd harmonics shifts by 7 rad as shown in
figure 1(d).

Driven by a multi-cycle pulse, the reversal of the dir-
ection of the electric field is equivalent to the half-period
phase shift of a multi-cycle pulse. This causes the phases
of the odd harmonics to change by 7 rad, while the phases
of the even harmonics will remain unchanged, independ-
ent of the system. A detailed discussion can be found in
appendix B.

It is noted that the zero or 7w rad phase shifts caused
by the reversal of the laser field are not exactly satisfied in
figure 1(c) for low-order harmonics. This is because the har-
monic photons in the frequency range of the plateau are emit-
ted near the peak of the laser pulse, where the amplitude of
the adjacent half-cycles is the same. For low-order harmonics,
they are also contributed to by the trajectories from the lead-
ing and trailing edges of the laser. Since the laser cycles in
the leading and trailing edges do not have the same amplitude,
thus the phase shifts discussed above are not exactly satisfied
for low-order harmonics.

In figures 3(a) and (b), a color plot of the evolu-
tion of the induced spatial electron density of the topmost
valence band state ¢¥=0,(x,7) inside the lattice is shown.
The red (blue) color shows the place where the electron
density of the valence band is high (low). The electron
density plot shows the oscillations of the dipole moment
in the time domain, which is responsible for the HHG
emission.

For the periodic symmetric lattice in figure 3(a), the dipole
moment oscillated in a minimum period of half the optical
cycle of the driving field, while for the periodic asymmet-
ric lattice in figure 3(b), the dipole moment oscillated in the
minimum period of one optical cycle of the driving field.
Therefore, in accord with the analysis of the temporal pro-
file of HHG in figure 2, the induced electron density in
figure 3 explains the emergence of the pronounced even
harmonics.

05

0.0

)

Potential energy (a. u.
Harmonic order

Figure 2. (a), (c) Schematic real-space representation of the
field-free potential (black solid line) and field-dressed asymmetric
periodic potentials (red dashed line). The peak of the laser field Eg
is represented by the magenta solid line in the center of the temporal
profile of the laser field and is defined as the polarization direction.
(b), (d) The temporal profile of the HHG spectra driven by the laser
field with parallel (b) and anti-parallel (d) polarization directions.
The white dashed line and white dash-dotted show the HHG
trajectory predicted from the quasi-classical model for the interband
transition from the conduction band CB1 to VB and CB2 to VB,
respectively. The laser parameters used in the simulation are the
same as those in figure 1.

2 \'“hw ""l‘ w\“”‘l" MJ"IM‘ }"31 "“”}M ll|!|||l‘ _, Ylem%;g
L hiag e

3 2 R 2 3
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Figure 3. (a), (b) Evolution of the induced density of the valence
band maximum state driven by the 24-cycle laser field. (a) Periodic
symmetric potential; (b) periodic asymmetric potential. The laser
parameters used in the simulation are the same as those in figure 1.

3.2. Temporal profile of synthesized attosecond electric field

As shown in figures 2(b) and (d), the temporal profile of HHG

from periodic asymmetric potential has a minimum period of

one optical cycle of the driving laser field. According to the

analytical discussion in appendix B, the total dipole moment

has the same formula as its counterpart generated in the con-

secutive optical cycle,

d(t)einwgt _ d(l‘+ To)einwo(erTg) _ d(l‘+ To)einwo(t)+i2mr'

2D
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Figure 4. (a), (c), (e) Temporal profile of attosecond pulse trains
(APT) synthesized from 10th to 20th harmonic from HHG spectra.
(b), (d), (f) The electric field of the attosecond pulse and the electric
field of the consecutive attosecond pulse are plotted by a blue solid
line and a red dashed line, respectively. (a), (b) APT is synthesized
from HHG spectra driven by a 24-cycle laser field from the periodic
asymmetric potentials. (c), (d) The same as the top row but driven
by the laser field with anti-parallel polarization. (e), (f) APT is
synthesized from HHG spectra driven by a 24-cycle laser field from
the periodic symmetric potentials. The laser parameters used in the
simulation are the same as those in figure 1.

Therefore, the attosecond pulse trains (APT) from the periodic
asymmetric potential have the same CEP from pulse to pulse
as shown in figures 4(b) and (d). Figure 4(a) shows the intens-
ity profile of the APT from the periodic asymmetric potential.
Figures 4(c) and (d) show the APT driven by the same laser
field as the upper row except for the reversed laser polarization.
For comparison, the APT synthesized from the HHG of
periodic symmetric potential is plotted in figures 4(e) and (f).
Two attosecond bursts are generated in each optical cycle of
the driving field. As shown in figure 4(f), the attosecond pulse
has a 7 rad phase shift from pulse to pulse. Our result is in
accordance with the result of the APT generated in the asym-
metric molecule [27]. This indicates that, on the basis of HHG
from periodic asymmetric potential, the APT with the same
CEP could also be synthesized. APTs with the same CEP syn-
thesized from HHG in periodic asymmetric lattices enable the
control of ultrafast electron dynamics more accurately.

3.3. THz field modulated HHG in periodic asymmetric
potentials

In this section, we investigate HHG in the periodic asymmet-
ric potential driven by the multi-cycle field in the presence of a
THz field. The HHG in the periodic asymmetric lattice driven
by the multi-cycle laser in the presence of a weak static elec-
tric field [41, 42] was investigated [43, 44]. In this work, a THz
electric field is employed as a control field since it is still diffi-
cult to obtain a static electric field with large field strength. The
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Figure 5. (a) HHG spectra for periodic asymmetric potential driven
by the linear polarized 10-cycle laser field combined with a THz
electric field with relative strength ratio ktn, = —1.0%, —0.5%, 0,
40.5% and +1.0%, respectively. (b) The driving field used in (a).
The 24-cycle laser field is plotted by a solid green line and the
superimposed THz field with kty, = 1.0% and kth, = —1.0%

are plotted by a black dashed-dotted line and red dashed line,
respectively. Simulated laser parameters: for the fundamental pulse,
a field strength Ey = 0.006 a.u., FWHM 7 = 10-cycle, 1600 nm
Gaussian laser field. For the control THz pulse, FWHM 7, = 267 fs
(15 o.c.), 102400 nm pulse, the relative strength ratio

kta, = —1.0%, —0.5%, 0, +0.5% and +1.0%, respectively. The
dephasing time 7> = 1.0 o.c. For the trapezoidal laser field used in
figure 5(d), a 12-cycle 1600 nm laser field with 2 o.c. ramp-up.

employed 1600 nm multi-cycle fundamental Gaussian pulse
field is written as

E\(t) = E\exp [74ln(2)t2/rg] cos (wot) . (22)

The THz control field is written as,
B (t) = ki, Er exp [—4111(2) (1) /722] cos [wrid.  (23)

where a frequency of 2.928 THz is chosen for the THz electric
field. The wavelength of the THz field is 64 times that of the
fundamental 1600 nm driving field. The total field combined
by the fundamental multi-cycle laser and THz field is given
by,

Eiotal () = E1 (1) + Erpz (1), (24)

where E| (¢) and Ey, (1) are the temporal profiles of the multi-
cycle fundamental field and THz field, respectively. kry, is the
relative strength ratio of the THz field with respect to the peak
of the fundamental laser field.

Figure 5(a) shows the calculated HHG spectra in the peri-
odic asymmetric potential driven by the multi-cycle pulse with
a Gaussian envelope in the presence of the THz field. The
1600 nm fundamental laser field has a full-width-at-half max-
imum (FWHM) 7, = 10 o.c., and an amplitude Ey = 0.006 a.u.
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Figure 5(a) shows the HHG spectra for several magnitudes
of the relative strength ratio varying from kry, = —1.0%,
—0.5%,0.0%, +0.5%, to +1.0%. In the presence of a negative
(positive) THz field, the yield of even harmonics increases
(decreases). When kry, varies from kry, = +1.0% to kry,
= —1.0%, the even harmonic increases with the variation
of the relative strength ratio ktp,. Compared with the even
harmonic, the yield of the odd harmonic is nearly invari-
ant with respect to the superimposed THz field. Figure 5(b)
shows the temporal waveform of the 1600 nm fundamental
field and superimposed THz field with ktg, = —1.0%
and kty, = +1.0%.

Figure 5(c) presents the HHG spectra in the periodic sym-
metric potential driven by a combined field composed of a
multi-cycle laser field and THz control field. For the periodic
symmetric potential, driven by a multi-cycle laser field, there
are only odd harmonics. In the presence of a THz field, the
temporal symmetry of the driving field will be broken. Thus,
either the relative strength ratio kry, is negative or positive,
as the even harmonic is always enhanced with the increase in
the magnitude of the relative strength ratio kry, in the periodic
symmetry potential.

The effect of the envelope on the driving field is also invest-
igated in figure 5(d). The HHG is driven by the multi-cycle
1600 nm laser with a trapezoidal envelope in the presence
of THz fields. The HHG spectra dependence on the relative
strength ratio kty, of the THz field is the same as compared
with figure 5(a).

In figure 6, the left and right columns show the HHG
from solids driven by the linear polarized 10-cycle, 1600 nm
Gaussian laser field combined with a THz field with kry, =
—1.0% and kry, = +1.0%, respectively. Figures 6(a) and (b)
show the recombination energy of the electrons and holes as
a function of excitation time and recombination time obtained
by the quasi-classical model and the excitation rates calculated
by the Keldysh model.

Figures 6(c) and (d) show the temporal HHG emission
by performing a wavelet Fourier transform of the total HHG
current from the SBE calculation. The laser parameters in
figures 6(c) and (d) are the same as the quasi-classical model
analysis in the upper row.

For the periodic asymmetric potential, due to the parallel
and anti-parallel directions between the permanent dipole and
laser polarization directions, the excitation rate is strengthened
in the former half cycle around ¢# = 0 and reduced in the con-
secutive half cycle around #=0.5 o.c., as shown by the tem-
poral Keldysh excitation rates plotted by the green solid line
in figures 6(a) and (b).

In figure 6(a), one may find that a positive THz field with
a relative strength ratio ktp, = +1.0% will increase the excit-
ation rate in the ‘weak’ half-cycle around t=0.5 o.c. At the
same time, the excitation rate is decreased in the ‘strong’ half-
cycle around #=0.0 o.c. Therefore, the even harmonics are
reduced on the HHG spectra in the presence of the THz field
with kty, = +1.0%. This is in accordance with the calculated
temporal profile of HHG in figure 6(c).
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Figure 6. (a), (b) Harmonic order varies as a function of excitation
time (blue scatters) and recombination time (gray and red scatters)
calculated by classical saddle point method [19]. The gray (red)
scatter indicates that the half-cycle harmonic emission is reduced
(enhanced) due to the opposite (same) direction of permanent dipole
and laser polarization directions. The excitation rate driven by the
combined field of the fundamental laser pulse and THz field is
plotted by a red-solid line. For comparison, the excitation rate
driven by a single fundamental laser pulse is plotted by a solid green
line. When the THz field is opposite (same) to the peak of the
fundamental laser pulse, the strengthened (weakened) half cycle is
enhanced (reduced) further due to the increase (decrease) of
excitation rate caused by the THz electric field. (c), (d) Temporal
profile of HHG driven by the combined field of the fundamental
laser pulse and THz field. Left column: ktn, = +1.0%. Right
column: ktg, = —1.0%. The laser parameters used in the simulation
are the same as those in figure 5.

On the contrary, in figure 6(b), one may find that a negative
THz field with a relative strength ratio kry, = —1.0% will
make the excitation rate in the ‘weak’ half-cycle around ¢t =
0.5 o.c. reduce further. At the same time, the excitation rate
is enhanced in the ‘strong’ half-cycle around r = 0.0 o.c.
Therefore, the even harmonics are enhanced in the HHG spec-
tra in the presence of the THz field with kty, = —1.0%. The
temporal profile of the HHG in figure 6(d) further proves
this.

In figures 5(a) and (d), the variation of the even harmonic
with the relative strength ratio kty, is more significant than the
odd harmonic, which can be explained as follows. Driven by a
combined field superimposed by the THz field, the excitation
and harmonic radiation in the ‘weak’ half cycle can be reduced
(enhanced) when kty, = —1.0% (+1.0%). Let us suppose the
yield of a given harmonic in the half optical cycle is equal to
Iy. If the harmonic radiation is not suppressed in the ‘weak’
half cycle, then in each optical cycle, the total intensity of the
odd harmonics can reach 2/j. On the contrary, if the harmonic
radiation is completely suppressed in the ‘weak’ half cycle.
Then, the total yield of the odd harmonic in each optical cycle
is Iy. It can be considered approximately that the yield of odd
harmonic varies in the range between I and 21.

For even harmonics, the HHG radiation from the adja-
cent half cycles has completely destructive interference. For
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Figure 7. (a) The phase of the HHG spectra for periodic asymmetric
potential driven by the combined field composed by the linear
polarized 10-cycle Gaussian laser field and a THz field with relative
strength ratio kta, = —1.0%, —0.5%, 0, +-0.5% and +1.0%,
respectively. (b) Harmonic order varies as a function of birth time #,
and recombination time #; driven by the combined field. The laser
parameters used in the simulation are the same as those in figure 5.
For a given harmonic order, a monotonous variation of the birth
time 1, and recombination time ¢, of the carrier with the relative
strength ratio kty, is observed.

asymmetric systems, the harmonic radiation in the ‘weak’
half cycle can be reduced to nearly zero due to the oppos-
ite direction between the laser field and the permanent dipole
moment. Then, the total yield of an even harmonic in each
optical cycle has a yield of 1. In the presence of a positive
THz field, the intensity in the ‘weak’ half cycle has a sim-
ilar intensity as the adjacent half optical cycle, and the total
even order harmonics can be reduced to nearly zero. Thus,
the total intensity of the even harmonic varies in the range
of 0 to . The yield of the even harmonic can vary by sev-
eral orders of magnitude. Therefore, compared to the odd har-
monic, the yield modulation of the even harmonic is more
significant.

In figure 7, the superimposed THz field effect on the phases
of HHG is investigated. As shown in figure 7(a), by varying
the relative strength ratio kg, from +1% to —1%, the phase
of all harmonics in the plateau region increases. By shifting
kty, from +1% to —1%, even harmonic is enhanced, and the
phase increases. As shown in figure 7(a), either the phases of
the odd or even harmonics increase monotonously with kry,.
A linear shift of kry, causes the monotonous variation of the
amplitude of the combined driving field, while the amplitude
of the driving field affects the propagation time of the electron—
hole pair. Figure 7(b) shows the monotonous variation of the
propagation time At = (f, — #,) of the carrier with the relat-
ive strength ratio kry, predicted by the classical saddle-point
method. The propagation time Az = (¢, — #,) modulated by the
kry, leads to the dependence of the phases of the harmonics
on kTHZ'

4. Conclusion

In this work, we investigated the HHG from the interaction
between the MIR laser field and periodic asymmetric lattice.

Even harmonic signals are observed in both the first and
second plateaus in the HHG spectra driven by a multi-cycle
pulse field. The phases of the odd harmonics shift 7 rad when
the driving laser polarization direction is reversed, while the
phase of the even harmonics has zero shift when the driv-
ing laser polarization direction is reversed. It is noted that the
phase shifts by zero or 7 rad are not exactly satisfied in figure 1
for low-order harmonics. This is because the trajectories from
the leading and tailing edges also contribute to the low-order
harmonics, while the laser cycles in the leading and tailing
edges do not have exactly the same amplitude.

Moreover, it is found that each pulse in the synthesized APT
from HHG in a periodic asymmetric lattice shows the same
CEP from pulse to pulse. APTs with the same CEP synthesized
from HHG enable the control of ultrafast electron dynamics
more accurately.

The effect of the THz field on the HHG from solids is
investigated. The superimposed THz field can enhance or
reduce even harmonics by modulating the excitation process
in the consecutive half-optical cycles of the driving field. This
indicates that the even harmonic yield and half-cycle HHG
dynamics can be controlled by using &y, as the control knob.
In addition, by shifting the relative strength ratio kry, of
the superimposed terahertz field, the phase of the harmonic
photons is varied monotonously.
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Appendix A. Band structures and transition dipole
moments

Figures 8(a) and (b) show the potential of the one-dimensional
periodic symmetric and asymmetric potentials in this work,
respectively. The band dispersion curves solved from the
laser field free Schrodinger equation is shown in figure 8(c).
Figure 8(d) shows the transition dipole moment (TDM) and
phase of TDM in the reciprocal space computed from the
Bloch-state basis expansion method.
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Figure 8. (a), (b) The potential of the one-dimensional periodic
symmetric (a) and asymmetric (b) potentials. (c) The band structure
for one-dimensional periodic asymmetric potentials. (d) The
transition dipole moment (TDM) and the phase of TDM for
one-dimensional periodic symmetric (a) and asymmetric

(b) potentials.

Appendix B. The phases of the odd and even
harmonics

For HHG current, a three-step scenario can be obtained from
the semi-conductor Bloch equation model of Vampa et al’s
work [18]. By using the Keldysh approximation, the interband
current is expressed as follows [18],

t
Jer(t) = / dkd, (k) / Aty F(1,)d* (k) e SE00) fc e
BZ —00

(25)
where F(¢) is the driving field, d, (k) is the transition dipole
moment between the valence band and conduction band.
S(k,1p,1) is the semi-classical action describing the propaga-
tion phase of the carrier born at #, and recombine at ¢.

The Fourier component of the interband current is given by,

jer(w) = / dte_iw{]'er(t)a (26)

— 00

According to equations (25) and (26), the phase of the har-
monic photons ®@i,yinsic can be given by [45],
Dinirinsic = Wt — S(k, tp, l‘) = nwot — S(k, tp, t), 27)
where wy is the laser angular frequency, n is the harmonic
order, #, and ¢ are the birth time and recombination time of
the electron—hole pair, respectively. The total phase Pininsic 1S
contributed by the phase accumulated by the carrier S(k, ),
and phase nwyt due to the time delay between the recombina-
tion time ¢ and the reference time of the optical period of the
driving field.

Since the HHG emission has a period of half optical
cycle of the driving field, the interband current as shown in
equation (25), can be rewritten as follows,

>

n=0,1,2,...ny

Jer(t) = d(t+nTy/2), (28)

where d(7+ nT)) represents the interband current in a given
half optical cycle, n denotes the nth half optical cycle in the
temporal profile of the driving field.

The Fourier component of the interband current is then
given by,

Jer(w) = [ Zdt > d(t+nTp/2)e " = /

n=0,1,2,...ny -0

oo

pa(t)dt,

29
where,
d(t+ nTo/2)ei"“°(’+"T0/2) .

pu(t) = (30)

>

n=0,1,2,...ns

As shown in equation (29), by integrating p, () with time ¢,
the total interband HHG spectra are obtained. By using a multi-
cycle single-color laser, each optical cycle is nearly identical,
thus we can focus on analyzing the HHG emission in one
cycle. In each optical cycle,

p(t) = d()e!™ + d(t + Ty /2)e ™ +0/2) (31)
where d(t) represents the radiation for the first half-cycle and
d(t+ Ty /2) denotes the radiation for the following half-cycle.
The radiation in the former half-cycle has the relation with
its counterpart in the consecutive half-cycle as follows, d(t) =
—d(t+To/2).

Then the total oscillating dipole moment in each optical
cycle can be expressed as follows,

p(l‘) — d(t)einwoz {1 _ einono/ﬂ — d(t)einwoz [1 _ eimr] )
(32)
Therefore, for even harmonic n = 2k(k € 1,2,3,...), p(1) =0,
even harmonic disappear. For odd harmonic, n = (2k — 1)(k €
1,2,3,...), p(t) =2d(t)e"™"', thus odd harmonic has con-
structive interference between the two adjacent half optical
cycles and are strengthened.

For a periodic asymmetric lattice, the amplitudes of HHG
from the former and the latter half-cycles are not equal, the
amplitude of the weaker half-cycle is approximated as zero
for simplifying discussions. Driven by a laser field that is par-
allel with respect to the permanent dipole moment, the total
oscillating dipole moment generated in each optical cycle of
the driving field is written as,

p(l‘) = d(t)einwol +0xd(t+ To/z)eimuo(l+To/2) — d(l‘)ei”""ot_
(33)
Therefore both the even and odd harmonics are preserved.
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When periodic asymmetric potentials are driven by a laser
field that has anti-parallel polarization with respect to the per-
manent dipole moment, the total oscillating dipole moment in
each optical cycle can be expressed by,

+d(t)e"™" n = even
—d(t)e"™" 'n = odd
(34)

p(t) = —d(1+ To/2)e "1/ = {

Compare equations (33) and (34) in the above analyt-
ical discussion, when the laser polarization direction of the
multi-cycle pulse is reversed, the temporal profile of even
harmonic has the same formula. This indicates the phase
of even harmonic is the same and is independent of laser
polarization. In contrast, for odd harmonics, when the dir-
ection of laser polarization is reversed, there is a « rad
phase shift.

For an inverse symmetric system, when the direction of
laser polarization is reversed, the total oscillating dipole
moment is written as,

p(t) _ —d(l)einwot [1 _ einTr] (35)

Compare equation (32) with equation (35), the odd harmonic
from periodic symmetric potential, should have 7 rad phase
shift when the laser polarization direction is reversed. The
reverse of the polarization direction of the field is equival-
ent to the phase shift by a half period in a multi-cycle pulse.
Therefore, for any system, the odd harmonics change by 7 rad
when the electric field is reversed.
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