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Abstract
We have theoretically studied high harmonic generation (HHG) in solids driven simultaneously
by a mid-infrared (MIR) laser and a high-order harmonic pulse with energy around the band gap
between the valence band and conduction band. By adding this resonant harmonic light pulse
with the relative intensity ratio of 4%, the high-order harmonic emission from the crystal is
enhanced by 1–2 orders of magnitude. The yield of HHG in solid increases monotonically with
the relative strength of the resonant harmonic pulses. In addition, we also found that HHG
dynamics from the k channel around the boundary of the Brillouin zone can be selectively
enhanced by adjusting the frequency of the resonant high-order harmonic pulse. The
resonance-enhanced HHG and k channel selection effect in solids is also investigated by using
the three-band semi-conductor Bloch equation for HHG in ZnO. We also find that the harmonic
in the plateau region driven by adding a resonant light field to the strong MIR driving field has
less red-shifted compared with the case driven by the MIR driving field alone.
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1. Introduction

High harmonic generation (HHG) [1] is of great signific-
ance for generating ultrafast attosecond light sources [2, 3],
developing x-ray light sources in the water window and ima-
ging atoms and molecules at attosecond time scale and sub-
nanometer spatial scale [4–7]. HHG in gas medium has been
extensively studied. Based on the semi-classical three-step
re-collision model [8], the strong field approximation model
[9], and the time-dependent Schrödinger equation (TDSE)
[10], theoretical complete solutions for HHG in gas have been
developed.

Due to the development of the midinfrared (MIR) and tera-
hertz laser technology [11, 12], a series of experimental [13–
34] and theoretical [35–58] studies have verified that femto-
second lasers interacting with solids can also produce HHG,
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andHHG in solid have become a hot research topic. In the past,
strong-field experiments in solids were limited by the material
damage threshold and the absorption effect of high-energy
photons by the solid medium [30]. TheMIR and terahertz light
sources have lower single photon energy, which means that
transitions need to absorb a greater number of photons and
high-order nonlinear processes have smaller optical absorption
cross-sections. Therefore, for the same solid medium, lasers
with longer wavelengths have correspondingly higher damage
thresholds.

Using MIR and terahertz lasers as driving light, experi-
ments have been reported on zinc oxide (ZnO) [13, 21, 34],
magnesium oxide (MgO) [22], molybdenum disulfide [33],
crystalline silicon [24], gallium selenide (GaSe) [15, 19],
graphene [26] and other materials. HHG in wide bandgap
semiconductors such as argon crystal and krypton crystal
[17], quartz (α-SiO2) [14, 28], amorphous fused quartz [23],
and sapphire (Al2O3) [18, 31] were investigated. Because
of the larger band gap and higher breakdown threshold,

1
© 2024 IOP Publishing Ltd. All rights, including for text and

data mining, AI training, and similar technologies, are reserved.

https://doi.org/10.1088/1361-6455/ad7e8a
https://orcid.org/0000-0001-5178-4544
https://orcid.org/0000-0002-3153-3577
mailto:shaotj@nit.zju.edu.cn
mailto:hufang@nit.net.cn
http://crossmark.crossref.org/dialog/?doi=10.1088/1361-6455/ad7e8a&domain=pdf&date_stamp=2024-10-4


J. Phys. B: At. Mol. Opt. Phys. 57 (2024) 215603 T-J Shao et al

these materials are driven by near-infrared lasers to generate
harmonic radiation and high-energy harmonic photons of
about 40 electron volts are observed.

Compared with atomic and molecular systems, the dense
atomic density and very ordered atomic arrangement in solids
make HHG in solids a promising candidate for the develop-
ment of compact and solid attosecond light sources. HHG in
solid exhibits many characteristics that are different from its
counterpart in gasmedium such as the linear dependence of the
cut-off energy of HHG on the peak field strength of the driv-
ing laser [13, 35, 36], multi-plateau structure [17, 20], unique
dependence on the ellipticity of the driving field [13, 26, 44,
46, 50], the crystal orientation angle [19, 22], the wavelength
of driving field [21], the polarization [13, 25], and so forth.

The electrons initially in the valence bands (VBs) are
excited to the conduction bands driven by the laser, and then
the electrons and holes move along the energy bands driven by
the laser field and accumulate phases. The electrons and holes
recombine and harmonic photons are emitted which carry the
information of the energy band. Therefore, HHG in solids has
ultrafast time resolution and provides an all-optical measure-
ment to detect the electronic band structure of the material [16,
42], Berry curvature [28], probing the lattice dynamics [29],
and electronic structure information such as transition dipole
moment [49] and valence electron density distribution [32].

A series of recent works have explored HHG in solids con-
trolled by light fields. In 2009, Calegari et al generated an
HHG continuum with energy exceeding 200 eV efficiently in
the experiment by an intense two-color field composed of
800 nm pulse and 1.45µm IR pulse in Ne gas medium [59].
In 2015, Schütte et al investigated experimentally two-color
HHG in a high-pressure Ne gas cell and observed an extreme-
ultraviolet continuum extends to 160 eV which supports a
bright isolated attosecond pulse [60]. In 2017, Saito et al used
a circularly polarized laser as the driving pulse, and the HHG
in solid shows a transition selection rule corresponding to the
point group of the crystal material [27]. Only harmonics that
satisfy the transition selection rules will have signals. Li et al
investigated HHG in solid driven by the two-color field and
found that the intensity of the second plateau can be enhanced
in an appropriate two-color field compared to the results in a
single-color field while maintaining the same amplitude [61].
Bruner et al found the HHG photon flux can be significantly
increased by 1–2 orders of magnitude by using a bichromatic
field [62]. Sun et al found that high harmonics in solids can be
extended via resonant electron injection channels [63]. Tang
and Bian explored the HHG in ZnO driven by an orthogonal
two-color field [64].

The HHG driven by a two-color field composed of a funda-
mental laser field and a resonant harmonic was investigated in
a gas medium. In 2003, HHG in He+ driven simultaneously by
a strong 800 nm laser and its 27th or 13th harmonic pulse was
investigated [65]. Although the monochromatic 800 nm laser
or its 27th harmonic pulse respectively ionize a low yield of
He+, their combination resulted in a surprisingly high He2+

yield. The harmonic yield is enhanced by many orders of mag-
nitude compared to the case of a fundamental pulse alone [65–
67]. In this work, the influence of resonant harmonic pulses

whose frequency is around the bandgap energy between the
VB and conduction band on the HHG in solids is investigated
by using the TDSE.

We found that light pulses with the energy around the
bandgap cause a strong enhancement of the yield of HHG
in solid. This is further confirmed by the crystal-momentum-
resolved HHG spectra [48, 54]. It is found the harmonic yield
increases monotonically with the relative intensity ratio of the
resonant harmonic pulses. We also found that HHG from the k
channel contributed by the k-point around the Brillouin zone
(BZ) boundary can be selectively enhanced by adjusting the
frequency of the resonant light pulse.

2. Results and discussion

The light–matter interaction is analyzed by the TDSE in
the k-space [68] using the eigenstates obtained by using the
Bloch states expansion method as described in previous works
[37–39, 69]. The quasi-classical model used is discussed in
the appendix. Unless not specifically noted, the calculations
include initial crystal momentum in the entire BZ. The total
HHG current is obtained by coherent summing of HHG cur-
rent contributed by all initial crystal momentum k and then
Fourier transform is performed to obtain the HHG yield at a
given harmonic frequency [68]. The BZ is sampled with a uni-
form grid and the crystal momentum grid is fixed to be δk≈
0.079 a.u. The evolution time grid is set as δt≈ 0.377 a.u.

The Mathieu-type potential is used and is given by,

V(x) =−V0 [1+ cos(2π x/a0)] , (1)

where V0 = 0.37 a.u. and lattice constant a0 = 8 a.u.
Figure 1(a) presents the calculated energy bands with the
photon energy axis in harmonic order scale. The secondary
horizontal axis with blue color in figure 1(a) is with eVs as
energy scale.

The VB, conduction band 1 (CB1), conduction band 2
(CB2), and conduction band 3 (CB3) are plotted by blue, red,
orange, and purple lines, respectively. The minimum band gap
between the VB and the CB1 is 4.18 eV. The lattice con-
stant and band gap correspond to the wide band gap semicon-
ductor like Zincblende AlN [38]. The Mathieu-type potential
is simple compared to actual materials in experiments, while
the systematic investigation by using this potential gives clues
to look at HHG in solids irradiated simultaneously by the fun-
damental MIR laser and its resonant harmonic pulse.

The expression of the single-color fundamental laser field
in this work can be expressed by,

Ef (t) = E0 f(t)cos(ω0t+ϕ) , (2)

where f (t) is the pulse envelope and ϕ is the relative phase
between the fundamental laser and superposed harmonic
pulse. To simulate the HHG processes in a real laser pulse, we
use a cosine shape pulse envelope f(t) = cos(π (t− τ/2)/τ)
which is shown by the blue dashed line in figure 2(a). ω0 is
the frequency of the laser field, E0 is the peak field strength,
τ is the duration of the temporal profile. If not differently
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Figure 1. (a) The band structure of the periodical system was
calculated by using the Bloch states expansion method. (b) The
HHG spectra driven simultaneously by E0 = 0.0031 a.u., 3200 nm
laser and its 11th harmonic pulse with κ = 0.2 (magenta solid line),
the case driven by E0 = 0.0031 a.u., 3200 nm laser alone (black
solid line), and the case driven by E0 = 0.003 72 a.u., 3200 nm laser
alone (olive dashed line).

specified, E0 = 0.0031 a.u. (corresponding to laser intensity
I0 = 3.373× 1011Wcm−2), central wavelength λ= 3200 nm,
and τ = 7 optical cycle (o. c.) are used for the fundamental
laser field in this work.

The superposed resonant harmonic pulse is given by,

Eh (t) = κE0 f(t)cos(nω0t) , (3)

where κ is the relative strength ratio and n is the order of the
superposed harmonic pulse. The two-color field by superpos-
ing the harmonic pulse field onto the fundamental laser can be
expressed as,

Etotal (t) = Ef (t)+Eh (t) . (4)

2.1. Enhancement of the HHG yield in solids driven
simultaneously by fundamental laser and its harmonic pulse

Figure 1(b) compares the HHG spectra driven by the E0 =
0.0031 a.u., 3200 nm laser field alone (black solid line) and
the case driven simultaneously by the E0 = 0.0031 a.u. (I0 =
3.373× 1010Wcm−2), 3200 nm laser field and its 11th har-
monic pulse with relative strength ratio κ = 0.2 (correspond-
ing to a relative intensity ratio of 4% and equal to 1.349×
109Wcm−2). Then the peak field strength of this two-color
field is equal to 0.003 72 a.u. (corresponding to laser intensity

Figure 2. (a) The blue-solid line shows the temporal laser
waveform of the fundamental E0 = 0.0031 a.u. 3200 nm pulse. The
blue-dashed line shows the temporal profile of the envelope. The
red-solid line shows the temporal laser waveform of its 11th
harmonics with relative strength ratio κ = 0.2. (b) HHG spectra
driven simultaneously by the E0 = 0.0031 a.u., 3200 nm laser field
and its harmonic pulse with relative strength ratio κ = 0.2 as a
function of the order of control harmonic field. (c) and (d) The
integrated yields of the first plateaus (c) and the second plateaus (d)
as a function of the order of the control harmonic field. (e) and (f)
population of CB1 (e) and CB2 (f). Laser parameter: the
fundamental pulse, 7 o.c., E0 = 0.0031 a.u., 3200 nm pulse; the
control pulse, its harmonic with relative strength ratio κ = 0.2.

I0 = 4.857× 1010Wcm−2). For comparison, the HHG spectra
driven by the E0 = 0.003 72 a.u., 3200 nm single-color laser
field with the same total field strength is also plotted (olive
dashed line).

The black dashed lines from left to right in figure 1(b)
denote the minimum band gap between CB1 and VB, the band
gap energy between CB1 and the VB at the boundary of the BZ
which caused the cutoff energy of the first plateau, the cutoff
energy of the second plateau, respectively.

The intensity of the first and second plateau (magenta solid
line) is enhanced by nearly four orders in HHG driven simul-
taneously by the E0 = 0.0031 a.u., 3200 nm laser and its 11th
harmonic pulse with κ= 0.2 compared with the case of the E0

= 0.0031 a.u., 3200 nm pulse alone (black solid line). It is two
orders larger than the case driven by the E0 = 0.003 72 a.u.,
3200 nm laser alone (olive dashed line).

In figure 2, we investigate the influence of the order of con-
trol harmonic pulse on the HHG yield. In figure 2(a), the tem-
poral profile of the E0 = 0.0031 a.u., 3200 nm laser and its
11th harmonic field with relative strength ratio κ = 0.2 are
plotted by the blue solid line and red solid line, respectively.
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Figure 2(b) presents the HHG spectra that vary with the order
of the control harmonic field. By varying the order of the con-
trol harmonic pulse, around the 11th harmonic, the HHG spec-
tra show a clear cut-off maximum. In figures 2(c) and (d), the
red and blue scatters show the integrated yield of the 1st plat-
eau and 2nd plateau of HHG spectra, respectively. The yield
for 1st plateau and 2nd plateau is integrated with the spec-
tral range from the 10.5th to 36th harmonic and from 36th to
75th, respectively. The red scatters in figure 2(c) indicate the
enhancement of harmonic yield of 1st plateau when the order
of control harmonic pulse is around 11ω0 which corresponds
to the minimum bandgap Eg = 4.18 eV (10.8ω0) between the
VB and the CB1. In figure 2(d), the integrated yield of the 2nd
plateau has two maximums, one is around the 11th harmonic
and the other is around the 36th harmonic which corresponds
to the minimum bandgap Eg = 13.99 eV (36.1ω0) between VB
and CB2 at the boundary of the BZ. The case of other relative
strength ratio of κ = 0.1 and κ = 0.4 are also calculated and
can be found in appendix. We show the position of the maxim-
ums of the harmonic yield has little dependence on the relative
strength of the auxiliary harmonic to fundamental MIR laser.

Figures 2(e) and (f) show the time-dependent population of
CB1 and CB2 driven simultaneously by the E0 = 0.0031 a.u.,
MIR laser field and its 11th harmonic pulse with relative
strength ratio κ = 0.2, and the case driven by the E0 =
0.003 72 a.u., MIR laser alone. Under the same peak strength
of the driving field, surprisingly, the population of CB1 is
enhanced by nearly one order of magnitude due to the pres-
ence of the 11th harmonic pulse. The enhancement of the inter-
band transition between VB and CB1 causes the first plat-
eau of HHG spectra shown in figure 1(b) to be around two
orders larger than the case driven by the E0 = 0.003 72 a.u.,
MIR laser field alone which has the same peak field strength.
In figure 2(f), the increase in the population of CB2 explains
why the intensity of the second plateau on HHG spectra is
enhanced when the crystal is irradiated simultaneously by E0

= 0.0031 a.u., MIR laser and its 11th harmonic pulse with rel-
ative strength ratio κ = 0.2. The inset shown in figure 2(f)
indicates the population of CB2 is enhanced by more than two
orders via resonant one-photon transitions.

Figure 3(a) schematically illustrates the resonant excita-
tion at channel contributed by k= 0 (Γ point) driven simul-
taneously by 3200 nm laser field and its 11th harmonic pulse
with energy corresponding to the minimum band gap between
VB and CB1.

Figure 3(b) plots the energy of the emitted harmonic
photons varying with the emission time by the quasi-classical
model [40]. One can find by superposing an 11th harmonic
pulse onto the fundamental E0 = 0.0031 a.u., 3200 nm laser
(magenta solid line), the energy of the HHG trajectories driven
by the two-color field and the case of E0 = 0.0031 a.u.,
3200 nm single-color laser (black dashed-dotted line) are
almost the same. The case of HHG trajectory driven by the E0

= 0.003 72 a.u., 3200 nm laser alone is also plotted for com-
parison (olive solid line).

Figures 3(c) and (d) present the time–frequency analysis of
the HHG current driven by E0 = 0.00372 a.u, 7 o.c., 3200 nm
laser alone and the HHG driven simultaneously by the E0 =

Figure 3. (a) Scheme plot of electron trajectory of HHG driven by
laser field combined by E0 = 0.0031 a.u., 3200 nm fundamental
laser and its 11th harmonics with relative strength ratio κ = 0.2 in
reciprocal space. (b) The energy of the emitted harmonic photons
varies with the emission time by the quasi-classical model. (c)
Temporal profile of HHG driven by E0 = 0.003 72 a.u., MIR pulse
alone. (d) Temporal profile of HHG driven simultaneously by E0 =
0.0031 a.u., MIR laser and its 11th harmonics with relative strength
ratio κ = 0.2. The laser parameters in simulations are the same as
the figure 2.

0.0031 a.u, 3200 nm laser field and its 11th harmonic pulse
with relative strength ratio κ = 0.2, respectively. The time–
frequency analysis is performed using the wavelet transform
of the induced HHG current [70],

Aw (t0,ω) =
ˆ
d(t)wt0,ω (t)dt≡ dω (t) , (5)

where wt0,ω(t) =
√
ωW(ω (t− t0)) is the wavelet kernel, ω is

the frequency and d(t) is the induced HHG current in the time
domain. For the HHG emission, the Morlet wavelet is chosen
as the mother wavelet.

W(x) =
(
1/
√
τ
)
ei xe−x2/2τ 2

win (6)

where τwin in the above equation is the window parameter of
the wavelet transform. The dependence of dω(t) on the para-
meter τwin has been tested by varying from 3 to 30. We choose
τwin = 6 to perform the wavelet transform which shows the
best resolution in both the time and frequency domain.

The time–frequency analysis agrees with the population of
conduction bands and shows the great enhancement of HHG
yield due to the superposition of an 11th harmonic pulse.

2.2. The yield of HHG dependence on the relative strength of
the resonant harmonic pulse

Figure 4 show the dependence of the integrated harmonic yield
of the first plateau (blue scatters) and second plateau (black
scatters) increasemonotonously with the relative strength ratio
of the control harmonic pulse. This can be explained by the
population analysis in figures 2(e) and (f), due to the increase
in the strength of the 11th harmonic pulse, the interband trans-
ition from VB to CB1 is enhanced and leads to the increase of
HHG yield.
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Figure 4. (a), (b) The integrated yield of the plateau region of HHG spectra vs the relative intensity ratio (a) and relative field strength ratio
κ(b) of the 11th harmonic pulse, respectively. The integrated yield of the first plateau is integrated with the spectral range from the 12th to
36th harmonics. The integrated yield of the second plateau is integrated with the spectral range from 36th to 69th harmonics.

Figure 5. (a) Waveform representation of the MIR electric field for the relative two-color phase ϕ = 0 and π rad, respectively. (b) The
integrated yield of the first plateau region of HHG spectra as a function of the relative two-color phase ϕ. The two-color field is given by
E(t) = E0f(t)[cos(ω0t+ϕ)+κE0 cos(nω0t)].

As shown in figure 4(a), it can be seen that the yield of har-
monics increases rapidly with the relative intensity ratio at the
beginning. However, this dependence on the relative intensity
ratio gradually slows down later on. Generally speaking, the
ratio between the amplitudes of the fundamental pulse and its
high harmonic pulse cannot be very large, due to the relatively
low efficiency of the HHG process.

Figure 4(b) presents the dependence of integrated HHG
yield on the relative strength ratio κ. Initially, the integrated
HHG yield increases slowly with the relative strength ratio.
And then, around κ = 0.2, the increase of HHG yield with
relative strength ratio becomes rapid. As the relative strength

ratio κ continued to increase, the increase of HHG yield with
the κ began to slow down again.

The influence of the relative phase between the funda-
mental MIR field and control harmonic pulse is presented in
figure 5. Figure 5(a) presents theMIR electric field for the case
of two relative two-color phases ϕ= 0 and π rad, respectively.
Figure 5(b) shows that the harmonic yield is indeed depend-
ent on the relative phase between the MIR laser and reson-
ant harmonic pulses. However, in any relative phase situation,
the resonance harmonic pulse-enhanced HHG yield is nearly
two orders of magnitude higher than that of HHG driven by a
single-color laser with the same field strength.
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Figure 6. (a) Scheme plot of electron trajectory of HHG driven by laser field combined by E0 = 0.0031 a.u., 3200 nm laser and its 36th
harmonics with relative strength ratio κ = 0.2 in reciprocal space. (b) Comparison of the HHG spectra driven simultaneously by the E0 =
0.0031 a.u., 3200 nm laser field and its 36th harmonic pulse with the case driven by the E0 = 0.003 72 a.u., 3200 nm laser field alone. (c)
The crystal-momentum-resolved HHG spectra are driven simultaneously by the E0 = 0.0031 a.u., 3200 nm laser field and its 36th harmonic
pulse with relative strength ratio κ = 0.2. (d) The HHG yield difference obtained by subtracting the yield of the HHG spectra driven
simultaneously by E0 = 0.0031 a.u., 3200 nm laser field and its 36th harmonic pulse with relative strength ratio κ = 0.2 to the case driven
by the E0 = 0.003 72 a.u. 3200 nm laser field alone. The HHG yield difference is plotted on a linear scale. Laser parameter: the single-color
field: 7 o.c. (duration), 3200 nm, E0 = 0.003 72 a.u.; the two-color field: the fundamental pulse, 7 o.c., 3200 nm pulse, E0 = 0.0031 a.u.; the
control pulse, its 36th harmonic with relative strength ratio κ = 0.2.

Figure 7. The time–frequency analysis of the HHG current contributed by single k channel plotted on a logarithmic scale. Left column: the
time–frequency analysis of the HHG current generated by the E0 = 0.0031, 3200 nm laser and its 11th harmonic pulse (κ = 0.2). Right
column: the time–frequency analysis of the HHG current generated by the E0 = 0.0031, 3200 nm laser and its 36th harmonic pulse (κ =
0.2). (a) and (b) Contributions from the k channel at k = 0 (Γ point). (c) and (d) Contributions from the k channel at k= π/a0. The solid and
dashed curves represent the energy of emitted harmonic photons by the quasi-classical model.

2.3. k channel selection by the resonant harmonic pulse

Figure 6(a) schematically shows an electron initially loc-
ated at k = π/a0 = 0.3927 a.u. in the VB, where excita-
tion directly to the k = π/a0 in the CB2 occurs due to the
irradiation by the fundamental 3200 nm laser and 36th har-
monic pulse simultaneously. Figure 6(b) compare the HHG
spectra driven simultaneously by the fundamental 3200 nm
laser and 36th harmonic pulse (red solid line) and the case
driven by E0 = 0.003 72 a.u. laser alone (blue solid line). The
second plateau of HHG spectra is enhanced by more than one
order compared with the case driven by the MIR laser alone.
Figure 6(c) shows the crystal-momentum-resolved HHG spec-
tra driven simultaneously by the E0 = 0.0031 a.u., 3200 nm

laser and its 36th harmonic pulse with κ = 0.2. Figure 6(d)
shows the HHG yield difference obtained by subtracting the
yield of the case driven simultaneously by the MIR laser and
its 36th harmonic with relative strength ratio κ = 0.2 to the
case driven by the MIR laser alone. The darkest red indicates
the HHG contributed by k channel at k= π/a0 is strengthened.

Figures 7(a)–(d) show the time–frequency analysis of the
HHG current contributed by the k channel at k = 0 (left
column) and k = π/a0 (right column), respectively. The
comparison of figures 7(a) and (b) show the time–frequency
analysis of the HHG current and the emission is enhanced at
k = 0 by superposing an 11th harmonic pulse with the energy
around the bandgap between VB and CB1 at k = 0. However,
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Figure 8. (a) The band structure of the wurtzite ZnO along the high
symmetry direction Γ-M calculated by using the DFT. (b) The HHG
spectra driven simultaneously by E0 = 0.0031 a.u., 3500 nm laser
and its 9th harmonic pulse with κ = 0.2 (red dashed line), the case
driven by E0 = 0.0031 a.u., 3500 nm laser alone (black solid line),
and the case driven by E0 = 0.003 72 a.u., 3500 nm laser alone (blue
dashed line).

for the case driven by E0 = 0.0031 a.u., 3200 nm laser field,
and its 36th harmonic pulse with relative strength ratioκ= 0.2,
the time–frequency analysis of the HHG current contributed
by the k channel at k = π/a0 is enhanced instead. The time–
frequency analysis of the HHG contributed by the k channel
from k = 0 and k = π/a0 is in agreement with the crystal-
momentum-resolved HHG spectra shown in figure 6.

2.4. Resonant high order harmonic pulse enhanced HHG in
ZnO

In the following, we use the three-band semi-conductor Bloch
equation to simulate the HHG in ZnO driven simultaneously
by the fundamental 3500 nm laser pulse and its high order har-
monic pulse [71], the dephasing time T2 = 2 fs. As shown in
figure 8, due to the addition of resonant light pulses, the har-
monic yield of HHG in ZnO is increased by 1 to 2 orders
of magnitude. The enhancement of HHG yield via resonant
one-photon transitions is much more efficient than the case
of increasing the field strength of driving the laser directly.
Figure 8(a) shows the band structure of the wurtzite ZnO along
the high symmetry direction Γ-M.

In figure 8(b), another feature is that the spectrum from
ZnO driven by the MIR pulse alone is red-shifted, which is

Figure 9. The time–frequency analysis of the HHG current in ZnO
contributed by a single k channel plotted on a logarithmic scale. Left
column: the time–frequency analysis of the HHG current generated
by the E0 = 0.0031, 3500 nm laser and its 9th harmonic pulse (κ =
0.2). Right column: the time–frequency analysis of the HHG current
generated by the E0 = 0.0031, 3500 nm laser and its 34th harmonic
pulse (κ = 0.2). (a) and (b) Contributions from the k channel at k =
0 (Γ point). (c) and (d) Contributions from the k channel at
k= π/a0. The energy of the 9th harmonic corresponds to the
minimum band gap between VB and CB1 at k= 0, and the energy
of the 34th harmonic corresponds to the band gap between VB and
CB2 at k= π/a0. The blue solid rectangular marks the enhanced k
channel of HHG emission in the time domain.

marked by the red scatters for clarity. This is because the har-
monics are mainly generated after the peak of the MIR driv-
ing field and the intensity gradient decrease in the trailing
edge leads to the red-shift of harmonic [31, 41]. By overlying
with resonant fields, the transitions from the VB to the CB are
enhanced via resonant one-photon transitions in earlier cycles.
The HHG contribution from the leading edge increases and its
blue-shift feature compensates for the red-shift in the trailing
edge. Therefore, from the inset shown in 8(b), the frequency
shift almost disappears.

Figure 9 shows the time–frequency analysis of the HHG
current in ZnO contributed by the k channel at k = 0 (left
column) and k = π/a0 (right column), respectively. The com-
parison of figures 9(a) and (b) show the time–frequency ana-
lysis of the HHG current is enhanced at k = 0 by superpos-
ing a 9th harmonic pulse with the energy around the bandgap
between VB and CB1 at k = 0. However, by comparing
figures 9(c) and (d), for the case driven by E0 = 0.0031 a.u.,
3500 nm laser field, and its 34th harmonic pulse, the time–
frequency analysis of the HHG current contributed by the k
channel at k= π/a0 is enhanced instead. In ZnO, the appeared
condition is similar as the result from model simulation by
using TDSE.

In addition, we investigate the role of resonant harmonic
pulse in opening quantum paths in the HHG in ZnO. By
shaping the laser field, the quantum path can be selectively
enhanced and suppressed [72–74]. By further adding the res-
onant harmonic, the originally suppressed quantum path can
be opened. The detailed results can be found in appendix B.
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3. Conclusion

In conclusion, our research shows that under the fundamental
3200 nm laser and its high-order harmonic pulse, the excita-
tion rate of the conduction band increases. The strengthen-
ing of the interband transition causes the yield of the HHG
spectra enhanced by nearly two orders compared with the
case driven by the MIR laser alone with the same peak field
strength. With the increase of the relative strength of the
control harmonic pulse, the yield of HHG spectra increases
monotonously.

Specially, the 11th and 36th harmonics are considered in
this work. The 11th harmonic with the energy around the min-
imum gap between VB and CB1 resonantly excited the elec-
tron from the k channel at k = 0 at VB to k = 0 at CB1.
While the 36th harmonics with the energy around the min-
imum bandgap between VB and CB2 resonantly excited the
electron from the k = π/a0 at VB to k = π/a0 at CB2.
The k channel contributed by the k-points around the bound-
ary of the BZ can be selectively enhanced by using the
36th harmonic.

The resonance-enhanced HHG and k channel selection
effect in solids is also investigated by using the three-band
semi-conductor Bloch equation for HHG in ZnO which
accords with the result from model potential by using TDSE.
Additionally, it is found that the harmonic in the plateau region
driven by superposing a resonant light field to the strong MIR
driving field has less red-shifted comparedwith the case driven
by the MIR driving field alone. We also show quantum paths
in HHG can be selectively opened by the addition of resonant
harmonic.

This work provides insights into the physics of resonance-
enhanced HHG in solids and is promising to be used
to enhance the brightness of ultrafast extreme violet light
sources.
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Appendix A. First-principles calculations

The band structures of the wurtzite ZnO (w-ZnO) used in our
work were performed by using the projector augmented wave

Figure A1. (a) Band dispersion along the Γ-M and (b) transition
dipole moment between the valence band and conduction band
along the Γ-M of wurtzite ZnO.

method, implemented by the Vienna ab initio simulation pack-
age (VASP) [75]. The local-density approximation (LDA) is
used for exchange-correlation functional.

Since the Zn atoms have partially filled d orbitals. The com-
mon LDA approximation fails to treat the strong mutual inter-
actions between the d orbitals. LDA + U method is proposed
to correct the self-interaction empirically [76, 77]. The LDA
+ U method is employed in DFT calculation for ZnO in this
work. A plane-wave cutoff of 500 eV was adopted. The k-
points were set to 18× 18× 12 for sampling the BZ of the
w-ZnO unit cell with Monkhorst-Pack method.

After geometry optimization calculation, the optimized lat-
tice constant parameters for w-ZnO are a = 2.969Å and c =
4.784Å, respectively. This is consistent with the experimental
reported a = 3.24Å and c = 5.19Å. The calculation shows a
minimum band gap value of 3.133 eV which accords with the
experimentally measured 3.30 eV [78]. The transition dipole
is obtained by the process of DFT result by using the post-
processing program VASPKIT [79]. When driven by a lin-
ear polarized laser field, the VB (red), CB1 (blue), and CB2
in figure A1(a) contribute predominantly to the HHG spec-
tra. Figure A1(b) shows the transition dipole moment (TDM)
between the VB, CB1, and CB2. In the three-band SBE cal-
culation, the energy band structures and TDM calculated by
DFT are expanded by the Fourier series.

Appendix B. Opening quantum path by the
auxiliary control harmonic pulse in ZnO

In this part, we show the quantum path in HHG process can be
opened by the auxiliary resonant harmonic pulse. The ω-2ω
two-color field is defined as,

E(t) = E0 f(t) [cos(ω0t)+κs cos(2ω0t+ϕs)] , (B.1)

where E0 = 0.0019 a.u. is the amplitude of the fundamental
laser field, ω0 is the angular frequency of the fundamental
3500 nm laser field with a full width of half maximum
(FWHM) of 150 fs. κs = 0.1 is the relative field strength of the
second harmonic. ϕs = π rad is the relative phase of the second
harmonic. Shown in figure B1(a) are the electric fields of the
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Figure B1. (a) and (b) Waveform representation of the electric field
for ω-2ω two-color field (a) and the two-color field superposed by
its 9th harmonic pulse (b). (c) The harmonic photon energy varies as
a function of the ionization time (black circles). The magenta solid
line represents the time-dependent excitation rates. (d) Comparison
of the HH spectra driven by the ω-2ω two-color field and ω-2ω
two-color field superposed by a resonant 9th harmonic pulse. (e) and
(f) The time–frequency analysis of the HHG current driven by the
ω-2ω two-color field (e) and ω-2ω two-color field superposed by a
resonant 9th harmonic pulse (f), respectively. The green scatters
shows harmonic photon energy as a function of recombination time
of electron/hole pairs predicted by the semi-classical analysis [36].

fundamental 3500 nm laser and its second harmonic with a rel-
ative phase of π rad (a time delay equal to 0.25 o.c. of 3500 nm
laser).

Figure B1(c) presents the harmonic photon energy (black
circles) plotted as a function of ionization time [36] and the
time-dependent excitation rate (gray-filled curve) calculated
by the Keldyshmodel.We can see the electrons excited around
t = −0.5 o.c. and t= 0.5 o.c. will return with high energy and
at the same time with a large excitation rate enabling the gen-
erated harmonic photon with an enhanced yield. Nevertheless,
the electron trajectory excited around t = −1.0 o.c.,
t= 0.0 o.c., and t= 1.0 o.c. is observed with a low excitation
rate which indicates the suppression of these quantum paths.
This is further confirmed by performing the semi-conductor
Bloch equation shown in figure B1(e). In figure B1(e), the
green scatters represent the harmonic photon energy as a func-
tion of recombination time predicted by the semi-classical
calculation [36]. In each optical cycle, there is only one HHG
emission enhanced and one HHG emission is suppressed to
near extinction.

Show in figure B1(b), are the three electric fields, includ-
ing two-color ω-2ω laser field and the resonant 9th harmonic
pulse,

E(t) = E0 f(t) [cos(ω0t)+κs cos(2ω0t+ϕs)+κcos(nω0t)] ,
(B.2)

where κs = 0.2 is the relative strength ratio of second har-
monic, κ = 0.1 is the relative strength ratio of resonant har-
monic pulse. By superposing this weak resonant harmonic
pulse, the yield of HH spectra is increase by one to two orders.
On the other hand, as shown in figure B1(d), for the two-color
field, both even and odd harmonics have nearly the same yield
due to the breaking of the temporal symmetry of the driving
field. Nevertheless, the addition of the resonant harmonic pulse
open the originally suppressed quantum path. As shown by
the magenta solid line in figure B1(d), this weakens the even
harmonic due to interference between neighboring half-cycle
HHG processes. In figure B1(e), one can discover the origin-
ally suppressed quantum path is opened by adding the resonant
harmonic pulse.

Appendix C. Quasi-classical model

In figures 3 and 7, the energy of emitted harmonic photons
are predicted by the quasi-classical model. In this model, we
suppose the electrons are initially at the Γ point (k = 0) before
the laser arrives. This is because it is located at the eigenstate
on top of VB1 in k-space which has the largest excitation rates
according to the Keldysh model. The quasi-classical equation
of the electrons can be expressed by [40],

k(t) = k0 +
e
h̄
A(t) , (C.1)

where k0 is the initial wave vector atΓ point andA(t) is the vec-
tor potential of the driving electric field. After interband trans-
ition by the driving field, the carrier does Bloch oscillation
along the band driven by the driving electric field. When the
electrons and holes recombine with each other, the harmonic
photons are emitted with energy equal to the band energy dif-
ference between the two bands,

η (t) =
εb1 (k(t))− εb2 (k(t))

h̄ω0
, (C.2)

where εb1(k(t)) and εb2(k(t)) are the energy of the band 1 and
band 2, respectively. ω0 is the angular frequency of the funda-
mental laser field.

Appendix D. Calculation for other relative strength
of the auxiliary control harmonic pulse

Further, the effect of the relative strength ratio of the auxiliary
control harmonic pulse on the HHG spectra is investigated.
Figure D1 represents the HHG driven simultaneously by the
E0 = 0.0031 a.u., 3200 nm laser field and its harmonic pulse
with relative strength ratio κ = 0.1 and κ = 0.4, respectively.

The result accordswith the case ofκ= 0.2 shown in figure 2
which indicates little dependence position of the peaks of the
harmonic yield on the relative strength ratio of the auxiliary
harmonic. The red scatters in figures D1(a) and (c) indicate
the enhancement of harmonic yield of 1st plateau when the
order of control harmonic pulse is around 11ω0 which corres-
ponds to the minimum bandgap Eg = 4.18 eV (10.8ω0). While
in figures D1(b) and (d), the integrated yield of the 2nd plateau
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Figure D1. (a) and (b) The integrated yields of the first plateaus (a)
and the second plateaus (b) as a function of the order of the control
harmonic field for relative strength ratio κ = 0.1. (c) and (d) The
integrated yields of the first plateaus (c) and the second plateaus (d)
as a function of the order of the control harmonic field for relative
strength ratio κ = 0.4. (e) and (f) HHG spectra driven
simultaneously by the E0 = 0.0031 a.u., 3200 nm laser field and its
harmonic pulse with relative strength ratio κ = 0.1 (e) and κ = 0.4
(f) as a function of the order of control harmonic field, respectively.

has two maximums, one is around the 11th harmonic and the
other is around the 36th harmonic corresponding to the min-
imum bandgap Eg = 13.99 eV (36.1ω0) between VB and CB2
at the boundary of the BZ. By varying the order of the con-
trol harmonic pulse, figures D1(e) and (f) show a clear cut-off
maximum around the 11th harmonic.
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